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Abstract. A g-deformed harmonic oscillator (g-Ho) in a finite-dimensional Hilbert space
(¥ous) is presented. Some basic characteristics of the g-10 in the Fous is discussed. It is
found that the quantum algebra su, (1.1) can be realized in terms of the g-Ho in the FoHs
on the root of unit.

Recently, the Pegg—Barnett quantum phase theory [1-3] has attracted a lot of
attention. It has been applied to various problems in quantum optics (see [4] and
references therein). The core of the Pegg-Barrnett thoery is that it introduces a
Hermitian phase operator which is defined in a finite-dimensional Hilbert space
(rpHS). A harmonic oscillator (10} defined in the FpHs is proved to play an important
role in the construction of the Hermitian phase operator. Because of the finiteness of
the Hilbert space, the creation and annihilation and number operators of the 1o in the
roHs cannot for the Heisenberg-Weyl algebra (HWA), which is the dynamical
algebra of the usual HO in an infinite-dimensional Hilbert space (IDHS). it was found
that an HO in an FDHS has some remarkable properties which an HO in an IDHS
cannot share [5].

On the other hand, a g-deformed harmonic oscillator {g-1o) [6-8] is known to
play an important role in the representation theory and physical applications for
quantum groups. In fact, it is a well known fact that the (g-)HO is one of the most
fundamental and important objects in quantum and mathematical physics. The
purpose of this letter is to present a2 ¢-HO in an FDHS and discuss some problems
related to the g-wo in the FDHS.

Let us consider an (s + 1)-dimensional Fock space Z,,,={|0}, |1}, (2}, ..., |s); 5,2
finite positive integer} which is an orthonormal and complete Hilbert space

Almy=6um, D, Imnl=1. (1)
n=0
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Using the projection operator |n){m| in the FDHs, we can define the creation and
annihilation operators of a g-Ho in the FDHS =,

6 => Va1l &= Viallnn-1| @)
ne=0 n=0
and the number operator

N=" nln—1)}n| )

n=0

where the symbol {x]=(g~g )/ (g—q™").
It follows from the above definitions that

a; a,=[N] a;a,=q[N]+q™" —[s+1]|s)s]. (4)

Making use of (2)-(4), we know that the annihilation and number operators act on
.41 as usual

a|my=VInlln=1)  a,|0)=0 (5)

N|n)=n|n) \nye > (6)

a+1
but the action of the creation operator is modified when acting on the highest state |5)
a |lny=Vin+1]|jn+1) a}|s)=0 |mye . (7)
s+1

From (2), (5) and (7), one can find the nilpotency of the creation and annihilation
operators of the g-Ho in the FDHS

ar=0 @)y =0 (n>s). (8)

It is now easy to show that the operators a,, a; and N of the g-Ho in the FDHS
satisfy the following communication relations (cr),

a,0;] —qa;a,=q " —[s+1][s){s] ©)
[N.a,]=—-a, N, e7]=a; (10)

which means that these operators a,, a; and N cannot form the g-Hwa for general
values of s and g.

Because of the invariance of the g-number [x] under the exchange ge g ',
equation (9) can also be rewritten as

8,07 —q~'a; a,=q" ~[s + 1]} s). (1n

The additional term on the right-hand side of (9) and (11) orginates from the
finiteness of the dimension of the FDHS, it makes the g-HO in the FDHS non-trivially
different from the ¢-HO in the iDHs.
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These cr of the g-HO in the FpHs (9) and (10) contain remarkable mathematical
properties which have potential applications in physics and mathematical physics. We
here discuss the following three cases.

(i) When the deformation parameter g tends to 1, equations (9) and (10) reduce to

aa* —ata=1—(s+ 1}[s){s| (12)

[N,a}=—-a [N,a*|=a* (13)
where we have used

lim [x]=x

g=1

and omitted the indexes of the operators. These are the cr of a Ho defined in the Fous
%,., which play a fundamental role in the Pegg—-Barnett quantum phase theory {1-3].

(ii) When the deformation parameter g takes the root of the unit in the following

way
27ri
a=esp( 5

equations (9) and (10) become
a,a; —qa;a, =g (14)
[N,a,,}=—a,, [N’a;]=a; (15)
where we have used [s + 1] =0 for g =exp(2mi/(s + 1)). These are the cR of the usual
g-HO in the IDHS [6-8]. They show that the operators a,, a; and N of the g-Ho in the
FDHS can form the g-Hwa when g = exp(2mi/(s + 1). This g-Ho in the FDHs on the root
of unit can also be used to construct a Hermitian phase operator [9]. When the

dimension of the FpHs approaches infinity, i.e. ¢ —1, (14) and (15) reduce to the cr of
the usual Hwa:

fa,a"]=1 [N,a]=—a [n.a*]=2a". (16)

The g-HO in the FDHS on the root of unity g = exp(2xi/(s + 1) can be related to the
HO in the FDHS through the following deforming maps:

[N+ 1] 12 . [N+ 1] 117 7
“=\Nz1) * HTU\N+1 an

where a,, a7 and N satisfy (14) and (15) while # and 2™ obey (12) and (13).
It is interesting to note that the quantum algebra su,(1, 1) can be realized in terms

of the ¢g-Ho in the ¥pHs on the root of unit g=exp(27i/(s+1)). To see this, we
introduce the operators

+=(g+q™)'e;? I_=(g+q")'d Ji=—HN+14). (18)

With the help of equations (14) and (15), we can prove that the above operators
obey the following cr:

Vs, J.)=%J4 [or 1= ~[20] (19)
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where [x],2=(¢¥ — g *)/(g* — ¢%). These are just the structure relations of su,(1, 1).
Thus, (17) gives rise to a realization of the quantum algebra su,(1, 1). Apparently, the
cr in (19) contract to those of the su{l, 1) algegra in the limit s—>,i.e, g—1.

(ili) When s=1, this is a two-state system. In this case, we define the operators

Ki=ay K. =a, K;=N-—1. (20)
From the definitions (2) and (3), they can be rewritten as
Ko=lnol  Ko=ox1  K=[1-4 (21)
Now it is easy to check that these operators satisfy the cr of the su(2) algebra
[Ks Ki]=+ K, [K,,K.]=2K;. (22)

So far we have concentrated on mathematical aspects of the g-Ho in the FDHS, We
now turn to those concerning the physics implied by the g-Ho in the FoRs. In order to
do so, we introduce the position and momentum operators related to the creation and
annihilaton operators as follows:

h \uz2 .
X9)= (z—n;w—) (a7 +a,) P (s)=i(3mhw)"Y(a} - a,). (23)
Using these operators, we define the Hamiltonian of the g-Ho in the FoHSs to be
Ps) 22
H(s)= - +3ma’X(s) (24)

which can be rewritten as
H(s)=4hw(a,a} +a,a7) (25)

where we have used (23). This Hamiltonian is diagonal on the states [} € Z;.., and has
the eigenvalues

E.(s) =%thwl{(n]+ [n+ 1]+ s+ 1]0,..}. (26)

From the above it can be seen that when n <s, the energy-level structure of the
¢-HO in the FDHS is the same as that of the usual g-Ho in the DHs [1, 10]. However the
g-Ho in the FDHS has the finite highest energy level E,_.(n) = 3h0{2[s + 1] + [s]} for any
finite value of s, which approaches the highest level of the usual g-#0 in the limit
§->o0,

In conclusion, we have proposed a g-HO in the FpHs and studied some basic
characieristics of the ¢-HO in the FDHs. It has been shown that the g-Ho in the FDHS
has rich mathematical properties which may have some applications in physics and
mathematical physics. We have also realized the quantum algebra su,(1, 1) in terms of
the g-HO in the FDHS on the root of unit.
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